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Abstrat
The ondition for E = 0 to be an eigenvalue of the operator
√−∆+m2 −m+ λV
is obtained through the use of the Birman-Shwinger priniple. By setting E = −α2
and using the analytiity of the orresponding Birman-Shwinger kernel, the series
development of (λ−1)(α) is obtained up to seond order on α.
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1 Introdution
The Birman-Shwinger priniple [1, 2℄ has been extensively used in several branhes of physis
and mathematis. The original motivation for its implementation was the possibility of
having eigenvalue ounting funtions for the Shrödinger equation. In this approah, the
potential term is taken to be of the form λV with λ being a onstant and V a potential
satisfying a ertain number of properties (e. g., V is non-positive). The eigenvalue ounting
funtions thus obtained will depend on λ, and in general, for a given operator O, they an
be dened by the following expression
N(λ) = {number of µj ∈ Spe(O), µj < λ}.
Researh on this lass of funtions was atually initiated by Weyl for the Laplae operator
∆ [3, 4℄, with an emphasis in the following years on the asymptoti expression for N(λ)
when λ → ∞. More reently, the use of Miroloal Analysis has indeed allowed a more
detailed study of asymptotis with some proposals to replae eigenvalue ounting funtions
by spetral shift funtions [5℄.
Generalizations of the method itself have also been proposed to deal with ertain physi-
al situations arising in quantum mehanis [6℄ and modied versions have been formulated
for example in phonon physis where perturbations on aousti and eletromagneti waves
an be desribed through the presene of exponentially loalized eigenmodes of their orre-
sponding operators [7, 8℄, and where an analogy with the appearane of bound states for the
Shrödinger equation an also be established.
In [9℄ the eigenvalue equation
(−∆+ λV )ψ = Eψ (1.1)
was studied through the use of the Birman-Shwinger priniple and some onditions express-
ing the fat that the solutions to the Shrödinger equation are in L2(R3) were obtained. A
related study was also done for the Dira operator in [10℄. In both ases the potential V
were assumed to satisfy a ertain set of properties. In this work we shall apply the same
tehniques to the ase of the pseudo-dierential operator
√−∆+m2−m, whih was studied
by Herbst in the presene of a Coulomb potential [11℄. This operator had also been used in
other ontexts suh as hadroni physis [12, 13, 14℄. For a disussion of several aspets of
this relativisti operator and its relation to the Dira operator we refer to [15, 16, 14, 17℄.
In the next setion we mention some basi fats regarding the Birman-Shwinger prini-
ple. Setion 3 deals with the analytiity of the Birman-Shwinger kernel for
√
∆+m2 −m
and the series expansion of λ−1 up to seond order on α. The Fourier transform of the
oeient proportional to α2 is then presented in Setion 4. Several expressions used in
the main text are derived in Appendix A and Appendix B. Appendix C ontains a simple
estimate on |(√−∆+m2 −E)−1(x)|.
2 The Birman-Shwinger priniple
For onveniene we reall the steps leading to the Birman-Shwinger priniple and how it
an be used in order to extrat some information about eigenvalues. One begins from a
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general eigenvalue equation of the form
Hψ = (H0 + λV )ψ = Eψ (2.1)
with H0 an operator representing the kineti energy. We shall suppose in the following that
the potential V ∈ C∞0 (R
	
3) and takes negative values. The above equation then an be reast
in the form
ψ = λ(H0 −E)−1|V |ψ.
By multiplying this equation by |V |1/2 and dening φ := |V |1/2ψ one obtains
λKφ = φ, K = |V |1/2(H0 − E)−1|V |1/2. (2.2)
The physial meaning behind these rewriting is that the operator K has an eigenvalue λ−10 if
and only if H has an eigenvalue E = E0 for λ = λ0, the multipliity in both ases being the
same. One an think of this in some sense as transformation whih preserves the multipliity
among the eigenvalues of these two dierent operators.
It is lear that the main feature of the method is to interhange the role played by
the onstant λ and the energy E: the usual approah in quantum mehanis when dealing
with an equation as Eq. (1.1) is to onsider the potential term as being a perturbation and
under suitable assumptions, the tehniques of perturbation theory an then be employed to
obtaine a (onvergent) solution for the eigenfuntions ψ and the eigenvalues E in terms of
the perturbation parameter λ. The Birman-Shwinger priniple on the other hand allows
one to onsider the energy E as a free parameter on whih a series expansion for λ an be
obtained. In fat, for most pratial reasons it is useful to set E = −α2 and onsider a
series development on powers of the parameter α (whih is identied with the ne struture
onstant) as
(λ−1)(α)−1 = λ−10 + aα + bα
2 + · · · . (2.3)
After this is done, the question is to know if one an solve the above relation for α in terms
of λ and if the resulting series obtained in this way is analyti. As outlined in [9℄, most of
the steps leading to Eq. (2.3) pose no diulties on this regard but a areful analysis has to
be done for the seond part.
3 Kernel in oordinate spae
In this setion we study some properties of the Birman-Shwinger kernel for the operator√−∆+m2−m. The integral kernel is given by Eqs. (A.1) and (A.2) in Appendix A, namely
K(x, y) = |V (x)|1/2 m
4π|x− y|
[(
1− µ
2
m2
)1/2
e−µ|x−y| +
2
π
F (m|x− y|;µ)
]
|V (y)|1/2. (3.1)
The parameter µ is determined from µ2 = m2 − (m + E)2 = −2mE − E2. By setting
E = −α2, one has µ2 = 2mα2 − α4; this will be used at the end of this setion and in the
next one.
In order to use perturbation theory on this operator, it is neessary to proof that it
depends analytially on the parameter µ. For onveniene we shall setm = 1 in the following.
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First, if one onsiders the ase of real µ, it is more or less lear that Eq. (3.1) makes only
sense as long as 0 < µ < 1, and thus one an try to look for analytiity inside the dis |µ| < 1
in the omplex plane (we shall see that this is not so an arbitrary hoie for the problem).
Let us then onsider (f,Kg) for f, g ∈ L2. There are 4 dierent integrals over R3 × R3 to
be onsidered:
• (1− µ2)1/2(f, |V |1/2 e
−µ|·|
| · | |V |
1/2g)
• (f, |V |1/2K1(| · |)| · | |V |
1/2g)
• (1− µ2)(f, |V |1/2e−µ|·|
∫ |·|
0
cosh(µz)K0(z)dzV |1/2g)
• (1− µ2)(f, |V |1/2 sinh(µ| · |)
∫ ∞
|·|
e−µzK0(z)dz|V |1/2g)
To deal with them we shall argue in the same way as in [10℄ for the Dira operator. The
argument is based on writing (f,Kg) as a sum of integrals of the form
c(µ)
∫∫
f(x)
h(x, y)
|x− y|2e
−µ|x−y|g(y)d3xd3y
with h(x, y) a funtion in L∞(R3×R3) having ompat support and c(µ) an analyti funtion
of µ. By using Sobolev's inequality one then nds that f(x) h(x,y)
|x−y|2
g(y) ∈ L1(R3 × R3). The
fat that K as an operator an be bounded by operators with ompat support in L2 means
that one is dealing with a meaningful objet. In this way the whole problem of an analyti
extension on µ is ontained in the expression of the oeients c(µ) and the exponential
e−µ|x|.
For the rst integral one immediately has c(µ) = (1− µ2)1/2 and h(x, y) = |V (x)|1/2|x−
y||V (y)|1/2. In the seond ase obviously there is no dependene on µ and it sues to note
that with the funtion h(x, y) = |V (x)|1/2|x − y|K1(|x − y|)|V (y)|1/2, whih has ompat
support and is in L∞(R3 × R3), one has f(x) h(x,y)
|x−y|2
g(y) ∈ L1(R3 × R3).
The third and fourth integral require more are: rst, for the third integral one has to
onsider c(µ) = (1− µ2), whih is analytial on µ, and a funtion
hµ(x, y) = |V (x)|1/2|x− y|
∫ |x−y|
0
cosh(µz)K0(z)dz|V (y)|1/2.
However, it is lear that hµ(x, y) < F1(µ)|V (x)|1/2|x− y||V (y)|1/2 where
F1(µ) =
∫ ∞
0
cosh(µz)K0(z)dz =
π
2
√
1− µ2
as an elementary alulation shows. This also points to the neessity of onsidering |µ| 6= 1.
One an now apply Sobolev inequality to the produt |V (x)|1/2|x − y||V (y)|1/2, obtaining
thus that f(x)hµ(x,y)
|x−y|2
g(y) ∈ L1(R3 × R3). Furthermore, by writing cosh(µz) in terms of
exponentials funtions, it is lear that hµ(x, y) is analytial on µ.
Consider now the fourth integral: one has as before c(µ) = (1− µ2) and
hµ(x, y) = |V (x)|1/2|x− y| sinh(µ|x− y|)
∫ ∞
|x−y|
e−µzK0(z)dz|V (y)|1/2.
One an now see that hµ(x, y) <
1
2
c|V (x)|1/2|x− y||V (y)|1/2, where c = ∫∞
0
K0(z)dz = π/2,
using the fat that e−µz ≤ e−µa for z ∈ [a,∞) and that ∫∞
a
K0(z)dz ≤
∫∞
0
K0(z)dz for a ≥ 0.
Sobolev's inequality then leads as in the previous ase to f(x)hµ(x,y)
|x−y|2
g(y) ∈ L1(R3 × R3).
As before, the funtion hµ is analytial on µ sine it involves in a simple way analytial
funtions of µ in its denition. From the previous onsiderations it follows then that (f,Kg)
is analytial on µ so that Theorem 3.12 in [18℄ an be used to dedue that K is analyti in
the sense of norm. One should notie that the fat that one is onsidering a potential V
with ompat support is fundamental for this argument to work.
Let us now proeed to nding under whih onditions is 0 an eigenvalue of Eq. (2.1). On
general grounds one an argue in the following way: given an operator O with inverse O−1,
onsider a funtion φ solution to the equation
l0φ = µ0φ (3.2)
where l0 = |V |1/2O−1|V |1/2. This equation is similar in struture to Eq. (2.2). Let us now
dene a funtion u through the relation
u = O−1|V |1/2φ.
This funtion satises the integral equation
u = O−1|V |1/2φ = µ−10 O−1|V |1/2|V |1/2O−1|V |1/2φ = µ−10 O−1|V |u,
namely
u(x) = µ−10
∫
supp V
O−1(x, y)|V (y)|u(y)d3y. (3.3)
In the ase of a potential V with ompat support, let us say Ω, one obtains a development
in series for large |x| of the previous expression as
u(x) = µ−10 |x|−1
∫
Ω
c1(y)|V (y)|u(y)d3y + µ−10 |x|−2
∫
Ω
c2(y)|V (y)|u(y)d3y + . . . (3.4)
and therefore ∫
Ω
c1(y)|V (y)|u(y)d3y = µ0
∫
Ω
c1(y)|V (y)|1/2φ(y)d3y = 0 (3.5)
must be imposed in order to have u ∈ L2(R
	
3). In the above the funtions c1(y) and c2(y)
are determined from the series development of O−1(x, y) in powers of 1/|x| for large |x|.
We have assumed that the negative powers of |x| appearing in this series development are
integers, whih is learly seen from Eq. (3.4). This might be not neessarily the most general
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senario, but as long as the rst term has a fator |x|−γ with γ ≤ 3/2, as in the ase we
are onsidering, Eq. (3.5) will be obtained. It an be pointed out that by using the relation
µ−10 |V |u = |V |1/2φ, one has in the sense of distributions the following equation
(O − µ−10 |V |)u = (O + µ−10 V )u = 0 (3.6)
and thus the ondition stated in Eq. (3.5) is neessary and suient to guarantee that 0 is
an eigenvalue of the operator O + µ−10 V .
We now go bak to our ase of study, O = √−∆+m2−m. We have from Eq. (3.1) that
when E = 0,
u(x) =
m
2πµ0
1
|x|
∫
Ω
|V (y)|u(y)d3y + . . . (3.7)
for large |x| sine c1(y) = 1 in Eq. (3.5). Therefore, aording to the previous disussion,
the onstraint
∫ |V (y)|1/2φ(y)d3y = 0 is a neessary and suient ondition for 0 to be
an eigenvalue. One should notie that a similar ondition exists for the Shrödinger op-
erator. This an be understood on the grounds of the non-loal behavior assoiated to√−∆+m2 − m: non-loality is ontained in the Bessel funtion K1(z) appearing in the
funtion F (m|x|;µ = 0) in Eq. (A.2) and for large distanes (at least greater than m−1) it
beomes highly suppressed. In this situation the main ontribution turns out to ome from
a Shrödinger-like term [rst term in Eq. (3.1)℄.
One an also try to see what happens for small values of |x|. In this ase there are two
terms to lowest order to be onsidered,
A1 =
∫
Ω
1
|y| |V (y)|u(y) d
3y (3.8)
and
A2 =
∫
Ω
1
|y| |V (y)|u(y)
∫ ∞
|y|
K1(z)
z
dz d3y. (3.9)
Both terms are onstants, independent of |x|. If supp V = Ω ontains the origin, then
for a non-divergent value of u(|x| = 0) to exist, these onstants should have nite values.
The onstant A1 also appears when one onsiders a similar situation for the kernel of the
Shrödinger operator. If the produt |V (y)|u(y) behaves like y−β with β ≤ 2 near 0 then
it is well dened (strit inequality means A1 = 0). On the other hand, A2 is more singular
due to the presene of the integral involving the Bessel funtion K1. The rst integral (from
|y| to innity) diverges as 1/y near the origin. This means that nite values are possible in
this ase when the produt |V (y)|u(y) behaves like y−β with β ≤ 1 (again, strit inequality
means a vanishing value for A2).
4 Perturbation Theory and Fourier Transform
In what follows we shall onsider perturbation theory for Eq. (3.1). From this kernel we an
immediately write for α small the series development K = L0 + (2m)
1/2αA+ 2mα2B + . . .
where
L0(x, y) = |V (x)|1/2 m
4π|x− y|
[
2 +
2
π
∫ ∞
m|x−y|
K1(z)
z
dz
]
|V (y)|1/2, (4.1)
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A(x, y) = −m
2π
|V (x)|1/2|V (y)|1/2, (4.2)
and
B(x, y) = |V (x)|1/2 1|x− y|
{
1
2
(|x− y|2 − 1
m2
) +
1
π
(|x− y|2 − 2
m2
)
∫ m|x−y|
0
K0(z)dz
+
2|x− y|
πm
∫ ∞
m|x−y|
K0(z)zdz +
1
πm2
∫ m|x−y|
0
K0(z)z
2dz
}
|V (y)|1/2. (4.3)
As mentioned before, the presene of the seond term inside the brakets in Eq. (4.1) is an
indiation of the non-loality of the Herbst operator. Furthermore, by going into Fourier
spae, one an see that the kernel of L0 is not positive denite, and for large values of k it an
take arbitrary positive and negatives values. This is due to the strong divergene produed
by the integral of the quotient K1(z)/z, whih when oupled with the fator 1/|x− y| is of
order 3.
Let us now nd an expression for λ−1 = (φ,Kφ) [see Eq. (2.2)℄ where φ satises L0φ = µ0φ
and ‖φ‖2 = 1. We have
(λ(α))−1 =(φ, L0φ) + (2m)
1/2α(φ,Aφ) + 2mα2(φ,Bφ) + . . .
=µ0 − αm
3/2
√
2π
(∫
Ω
|V (y)|1/2φ(y)d3y
)2
+ bα2 + . . .
(4.4)
The expression for the oeient b is rather umbersome as an be dedued from Eq. (4.3)
and no denite statement on the sign of this oeient an readily be established. But
before with the analysis of it, let us review the general proedure used to write the energy
E as a funtion of the parameter λ. Assuming µ0 6= 0, one dedues from the expression
(λ(α))−1 = µ0 + aα + bα
2 + . . .
the relation
λ−10 λ(α) = 1− λ0aα + λ0(λ0a2 − b)α2 + . . . , λ0 := µ−10 ,
for α small. The next step is to invert this relation and to nd α as a funtion of λ; it is
here where are should be taken. If a does not vanish then one has
α(λ) = − 1
λ20a
(λ− λ0) + λ0a
2 − b
λ40a
3
(λ− λ0)2 + . . .
and therefore
E(λ) = −α(λ)2 = − 1
(λ20a)
2
(λ− λ0)2 + . . .
On the other hand, if a vanishes then
λ−10 λ(α) = 1− λ0bα2 + cα3 + . . .
and it follows that there are two dierent expressions for α,
α±(λ) = ±
[
1
λ20(−b)
(λ− λ0)− c
λ30(−b)3/2
(λ− λ0)3/2 + . . .
]1/2
.
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One obtains then
E±(λ) = −α±(λ)2 = − 1
λ20(−b)
(λ− λ0) + . . .
and moreover, the series development is done in powers of (λ−λ0)1/2. For O =
√−∆+m2−
m, the oeient a is proportional to
(∫
Ω
|V (y)|1/2φ(y)d3y
)2
aording to Eq. (4.4) and
then it sues to reall the disussion leading to Eq. (3.7) to onlude that the (rst) seond
series development orresponds to E = 0 (not) being an eigenvalue. For the rst series, when
a 6= 0, it is possible to appeal to the impliit theorem funtion to dedue analytiity of α(λ)
at the point λ0 and thus of E(λ). When a = 0, analytiity does not hold in the Shrödinger
ase [9℄ beause of an argument making use of the fat that−∆+λV only admits non-positive
eigenvalues for all λ > 0 (Theorem XIII.11 in [19℄ applied to V ∈ C∞0 (R3)). Unfortunately we
have been not able to nd a similar result for the Herbst operator in the three-dimensional
ase.
We also remark that in the ase when a = 0, if λ approahes λ0 from above by real
values then b should neessarily be negative for α±(λ) to be well dened. In the ase of
the Shrödinger equation it is known through an argument involving Fourier transform that
b takes negative values when a vanishes [9℄, in onsequene the energy approahes a value
E0 = 0 from below as λ → λ+0 . For the Herbst operator one an proeed in the same way,
i.e., one an write
B(x, y) = |V (x)|1/2B(x, y)|V (y)|1/2
and therefore
b = 2m2(φ,Bφ) = 2m2(φ, |V |1/2B|V |1/2) = 2m2(f,Bf) = 2m2
∫
Bˆ(k)|fˆ(k)|2d3k (4.5)
with f = φ|V |1/2. The sign of b is then related to the behavior of the Fourier transform Bˆ.
We should also note that the fat that a = 0 guarantees that the expression in momentum
spae on the right hand side of Eq. (4.5) is dened as k → 0.
As seen from Eq. (4.3) not all funtions appearing in that expression have norm in L2(R3),
and it is then neessary to use Fourier transform in the sense of distributions to nd the
Fourier transform Bˆ(k). The details of this are given in Appendix B, here we only write the
nal result of the alulations whih reads as
b = 2m2
∫
Bˆ(k)|fˆ(k)|2d3k = 2m
∫
(m4Bˆ(mσ))|fˆ(mσ)|2d3σ
= 2m
∫ [
− 1
2πσ2
− 1
4π3σ4
− 1
π
[
1
8π2σ4
6w4 + 5w2 + 2
(1 + w2)5/2
+
1
σ2
1
(1 + w2)1/2
]
+
3
2π2σ3
w3
(1 + w2)5/2
− 1
2πσ2
2w2 − 1
(1 + w2)5/2
]
|fˆ(mσ)|2d3σ (4.6)
where ~σ = ~k/m, σ = |~σ| ∈ [0,∞) and w = 2πσ. Even though a positive term is present in this
expression, its ontribution is dominated by similar negative terms as one an easily verify
from Eq. (4.6). Therefore one onludes that b is (onditionally) negative and that E → 0−
when λ → λ+0 . Moreover, it also follows from this expression that in the non-relativisti
ase (k = mσ → 0) the leading order ontribution is given by −π−1σ−2 − (2π3)−1σ−4, an
analogous result to the Shrödinger ase.
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5 Conlusions
It has been shown that having wave-funtions of the operator
√−∆+m2 − m in L2(R3)
is losely related to the vanishing of the oeient a in the series development given by
Eq. (2.3). This oeient has the same form as in the Shödinger ase as seen from Eq. (4.4)
and its vanishing an be reast as a statement on the fat that E = 0 is an eigenvalue of
the equation (
√−∆+m2 − m + λV )φ = Eφ. Moreover, the oeient b in Eq. (2.3) an
be shown to onsist of a Shrödinger-like part and more involved ontributions due to the
non-loal nature of the operator under study. Fourier analysis however an be used to show
that b is onditionally negative. The physial onsequene of these fats is similar to the
Shrödinger ase, namely, the phenomenon of "oupling onstant threshold".
When onsidering the Shrödinger operator with a spherially symmetri potential V
the above haraterization an be expliitly formulated as a ondition for the presene of
s-waves as solutions of the equation (−∆ + V )Ψ = 0 and indeed, it is only the behavior
of Ψ at innity, where the potential V vanishes, whih should be onsidered to obtain this
result [9℄.
In the ase of the Herbst operator a similar riteria should be also possible, however
there is a simple feature that is present in one ase and not in the other: the answer for
the Shrödinger operator an readily be given beause one knows preisely the expression
for ∆ in spherial oordinates meanwhile for the Herbst operator one should study instead
an integral equation. The following auxiliary problem then arises: is it possible to write
an appropriate integral equation for ∆Ψ = 0 from whih one an reover the well known
radial part rl, r−l−1, l = 0, 1, . . . , of the spherially symmetri solutions? The answer is yes.
The next natural step is to see if the same proess an be applied to the integral equation
obtained from (
√−∆+m2−m)Ψ = 0. This is a subjet that we hope to disuss in a future
work.
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Appendix A: Inverse Fourier transform
In this setion we would like to derive the expression for (
√−∆+m2 − E)−1 in oordi-
nate spae. Sine one is lead to deal with tempered funtion, the Fourier transform in the
generalized sense should be onsidered. Several ways exist to alulate the Fourier trans-
form of tempered funtions, suh as the ǫ-presription, where it is ustomary to onsider
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after the alulations only those terms with no dependene on ǫ in the limit ǫ → 0. This
method was widely used in the evaluation of propagators in the early days of QED. The
Hankel transform [20℄ is other method introdued to deal with tempered funtions. It is
known that the ǫ-presription, the same being the ase with the Hankel transform, is related
to the notion of nite part, Pf. of a distributional pseudo-funtion [21, pp 20℄ ating on
Shwartz's spae S of innitely dierentiable and rapidly vanishing funtions, together with
its derivatives, at innity. We shall also use the fat that for a distribution f , the relations
< F(f), φ >=< f,F(φ) > and < F−1(f), φ >=< f,F−1(φ) > where φ ∈ S hold [22℄.
Aordingly one an write
∫
R3
1√
4π2p2 +m2 −Eφ(p)d
3p =E
∫
R3
1
4π2p2 +m2 −E2φ(p)d
3p+
∫
R3
√
4π2p2 +m2
4π2p2 +m2 −E2φ(p)d
3p
=E
∫
R3
1
4π2p2 +m2 −E2φ(p)d
3p
+ (−∆+m2)
∫
R3
1√
4π2p2 +m2[4π2p2 + µ2]
φ(p)d3p
=E
∫
R3
1
4π2p2 + µ2
φ(p)d3p
+ (−∆+ µ2)
∫
R3
1√
4π2p2 +m2[4π2p2 + µ2]
φ(p)d3p
+ (m2 − µ2)
∫
R3
1√
4π2p2 +m2[4π2p2 + µ2]
φ(p)d3p.
where we have set µ2 = m2−E2. Therefore, from< F(f), φ >=< f,F(φ) >=< F−1(F(f)), φ >,
one has in the sense of distributions ating on S,
F−1
[
1√
4π2p2 +m2 −E
]
(x) = EF−1
[
1
4π2p2 + µ2
]
(x)
+ (−∆+ µ2)F−1
[
1√
4π2p2 +m2[4π2p2 + µ2]
]
(x)
+ (m2 − µ2)F−1
[
1√
4π2p2 +m2[4π2p2 + µ2]
]
(x).
The rst term is a standard example in textbooks on Fourier transforms or potential
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theory and an be easily found:∫
R3
1
4π2p2 + µ2
φ(p)d3p =
∫
R3
∫ ∞
0
e−(4pi
2p2+µ2)tdtφ(p)d3p
=
∫
R3
∫ ∞
0
∫
R3
e−4pi
2p2t+2pip·xd3pe−µ
2tF(φ)(x)d3x
=
∫
R3
∫ ∞
0
1
(4πt)3/2
exp[−|x|2/4t− µ2t]dtF(φ)(x)d3x
=
µ
(4π)3/2
2
√
2
µ|x|
∫
R3
K1/2(m|x|)F(φ)(x)d3x
=
∫
R3
e−µ|x|
4π|x|F(φ)(x)d
3x
with φ ∈ S. In the above we have use Fubini's theorem and an integral representation of
the Bessel funtions Kν(z). For the seond and third term one should alulate the inverse
Fourier transform
F−1
[
1√
4π2p2 +m2[4π2p2 + µ2]
]
(x).
Using the fat that the usual properties of onvolution of the (inverse) Fourier transform re-
main valid for distributions [22℄, then the problem redues to the onvolution ofF−1
[
1
4pi2p2+µ2
]
(x)
with F−1
[
1√
4pi2p2+m2
]
(x). This latter inverse Fourier transform an be found in the same
way as done before with the result∫
R3
1√
4π2p2 +m2
φ(p)d3p =
m
2π2
∫
R3
K1(m|x|)
|x| F(φ)(x)d
3x.
Therefore, in distributional sense, one has the following expression
F−1
[
1√
4π2p2 +m2 −E
]
(x) =
E
4π|x|e
−µ|x| + (−∆+ µ2)
[
e−µ|·|
4π| · | ∗
m
2π2
K1(m| · |)
| · |
]
(x)
+
m(m2 − µ2)
8π3
[
e−µ|·|
| · | ∗
K1(m| · |)
| · |
]
(x)
=
E
4π|x|e
−µ|x| +
m
2π2
K1(m|x|)
|x|
+
m(m2 − µ2)
8π3
[
e−µ|·|
| · | ∗
K1(m| · |)
| · |
]
(x)
It is lear from the above that this expression might be treated indeed as an ordinary funtion
if the onvolution in the last line makes sense. In fat, using the expansion [23℄
e−λR
λR
=
2
π
∞∑
l=0
(2l + 1)
[√
π
2λr1
Il+ 1
2
(λr1)
] [√
π
2λr2
Kl+ 1
2
(λr2)
]
Pl(cos γ)
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where R = [r2 + ρ2 − 2rρ cos(γ)]1/2, r1 = min(r, ρ), r2 = max(r, ρ), only the term with l = 0
is seem to give a non-vanishing ontribution for the onvolution after performing the integral
over the angular variables. Therefore, one obtains[
e−µ|·|
| · | ∗
K1(m| · |)
| · |
]
(x) =
4π
m2
2µ
π
√
π
2µ|x|K 12 (µ|x|)
∫ m|x|
0
√
mπ
2µy
I 1
2
(
µy
m
)K1(y)ydy
+
4π
m2
2µ
π
√
π
2µ|x|I 12 (µ|x|)
∫ ∞
m|x|
√
mπ
2µy
K 1
2
(
µy
m
)K1(y)ydy
=
4π
m2|x|e
−µ|x|
∫ m|x|
0
m
µy
sinh
(µy
m
)
K1(y)ydy
+
4π
m
sinh(µ|x|)
µ|x|
∫ ∞
m|x|
e−µy/mK1(y)dy.
The expliit expressions of the Bessel funtions I1/2(x) and K1/2(x) have been used in order
to write the above relation. The nal outome of the previous alulations is then
F−1
[
1√
4π2p2 +m2 − E
]
(x) =
m
4π|x|
[
E
m
e−µ|x| +
2
π
F (m|x|;µ)
]
=
m
4π|x|
[(
1− µ
2
m2
)1/2
e−µ|x| +
2
π
F (m|x|;µ)
] (A.1)
with
F (m|x|;µ) =K1(m|x|) + m
2 − µ2
4π
|x|
[
e−µ|·|
| · | ∗
K1(m| · |)
| · |
]
(x)
=K1(m|x|) +
(
1− µ
2
m2
)[
e−µ|x|
∫ m|x|
0
[
m
µy
]
sinh
(µy
m
)
K1(y)ydy
+
m
µ
sinh(µ|x|)
∫ ∞
m|x|
e−µy/mK1(y)dy
]
=K1(m|x|) +
(
1− µ
2
m2
)[
e−µ|x|
∫ m|x|
0
cosh
(µy
m
)
K0(y)dy
− sinh (µ|x|)
∫ ∞
m|x|
e−µy/mK0(y)dy
]
.
(A.2)
In the above we have used some relations among integrals involving Bessel and exponentials
funtions [24, 23℄ in order to write the last expression.
Appendix B: Fourier transform of B(x, y)
For onveniene we present here the alulations leading to Eq. (4.6) in the text. In the
expression for B, several tempered funtions in the sense of distributions appear and their
Fourier transforms, whih will be also tempered funtions, an be found in this ontext.
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In the following we shall apply the Hankel transform to a well-behaved funtion suited
to the problem (stritly speaking the Hankel transform refers to the one-dimensional ase)
and then argue its validity for more general ases.
To begin with we shall use the formula [20, 43℄
F(f, k) = 2π
k
n−2
2
∫ +∞
0
drf(r)rn/2Jn−2
2
(2πkr).
Here n is the dimension of the spae onsidered. Let us apply this to the funtion f(x) =
|x|−α ∫ m|x|
0
g(z)dz with 0 < α, we have
F(f, r) = 2π
r
n−2
2
∫ ∞
0
drr−α
∫ mr
0
dzg(z)rn/2Jn−2
2
(2πkr)
=
2π
r
n−2
2
∫ ∞
0
drrn/2−αJn−2
2
(2πkr)
∫ mr
0
dzg(z)
=
2π
k
n−2
2
1
(2πk)n/2−α+1
∫ ∞
0
dzg(z)
∫ ∞
z/m
duun/2−αJn−2
2
(u)
=
1
(2π)n/2−α
1
kn−α
[∫ ∞
0
dzg(z)
∫ ∞
0
duun/2−αJn−2
2
(u)
−
∫ ∞
0
dzg(z)
∫ wz
0
duun/2−αJn−2
2
(u)
]
In the above we have dened a dimensionless parameter w = 2πk/m and assumed that the
funtion g(z) is well behaved so that Fubini's theorem an be used. For our funtion g(z)
we shall take indeed g(z) = zβK0(z), 0 ≤ β. The previous expression is justied as long as
n/2 < α < n sine the integrals involving the Bessel funtion Jν(u) are then well dened.
After using the relations∫ ∞
0
sµJν(s)ds = 2
µΓ(
ν + µ+ 1
2
)/Γ(
ν − µ+ 1
2
),
∫ ∞
0
sµKν(s)ds = 2
µ−1Γ(
µ+ ν + 1
2
)Γ(
µ− ν + 1
2
)
and ∫ x
0
sµJν(s)ds = x
µ+1
∞∑
k=0
(−1)k(x/2)ν+2k
k!(µ+ ν + 2k + 1)Γ(ν + k + 1)
one arrives to
F(f, r) = 1
(2π)n/2−α
1
kn−α
[
2β+n/2−α−1Γ
(
β + 1
2
)2 Γ(n−α
2
)
Γ(α
2
)
−wn−α2β+n/2−α−1
∞∑
m=0
(−w2)m
m!(m+ n−α
2
)
Γ(m+ β+n−α+1
2
)2
Γ(m+ n
2
)
]
.
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The sum inside the brakets is just a hypergeometri funtion; the nal result then reads as
F(f, r) = 1
(2π)n/2−α
1
kn−α
[
2β+n/2−α−1Γ
(
β + 1
2
)2 Γ(n−α
2
)
Γ(α
2
)
− wn−α2β+n/2−αΓ(
β+n−α+1
2
)2
(n− α)Γ(n
2
)
×3F2(n− α
2
,
β + n− α + 1
2
,
β + n− α + 1
2
;
n
2
, 1 +
n− α
2
;−w2)
]
.
(B.1)
Using a reasoning due to L. Shwartz [25, pp 113℄, this expression an be seen to hold also for
other values of α, in partiular for α < 0, if one keeps in mind that the funtion f should be
then understood as a tempered funtion as well as its Fourier transform. More are should
be taken when n− α = −2h, α = −2h or β + n− α + 1 = −2h, h being a positive integer,
where poles appear in the Γ funtion, but the appropriate modiation to be used for those
ases has also been pointed out by Shwartz. This modiation will not onern us however
beause of the values of α (±1 or 0) appearing in Eq. (4.3) and of the dimension n = 3. As
a partiular ase then one an onsider α = 1, β = 0, n = 3,
F(f, r) = 1
(2π)1/2
1
k2
[
π1/2
21/2
− w
2
21/2
Γ(3/2)3F2(1, 3/2, 3/2; 3/2, 2;−w2)
]
=
1
2k2
1
(1 + w2)1/2
.
This orresponds, taking into aount a fator −2/(πm2) and replaement k = mσ, to the
seond term inside the brakets in Eq. (4.6).
It is also straightforward from the previous omputation to identify the Fourier transform
of f(x) = |x|−α
∫ ∞
m|x|
g(z)dz, 0 < α, this is given by the seond term in Eq. (B.1), namely
F(f, r) = 1
(2π)n/2−α
1
kn−α
wn−α2β+n/2−α
Γ
(
β+n−α+1
2
)2
(n− α)Γ(n
2
)
×3F2(n− α
2
,
β + n− α + 1
2
,
β + n− α + 1
2
;
n
2
, 1 +
n− α
2
;−w2)
]
.
(B.2)
This formula an also be generalized to other values of α than those in the interval (n/2, n),
are needed only to be taken in more detail at the points mentioned in a previous paragraph.
Taking this into aount, if we now alulate the ase α = 0, β = 1, n = 3, the following
expression is obtained
F(f, r) = 1
(2π)3/2
1
k3
w325/2
Γ(5/2)2
3Γ(3/2)
3F2(3/2, 5/2, 5/2; 3/2, 5/2;−w2)
=
3
4π
1
k3
w323/2
1
(1 + w2)5/2
orresponding, times a fator 2/(πm) and replaement k = mσ, to the positive term in
Eq. (4.6).
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Appendix C: An estimate
We rewrite Eq. (A.1) as
(
√
−∆+m2 − E)−1(|x|) = m
4π|x|2
[(
1− µ
2
m2
)1/2
|x|e−µ|x| + 2
π
|x|F (m|x|;µ)
]
.
We would like to show that for a xed value of µ, eah term inside the brakets is bounded
as funtion of |x|. This is obviously true for h0(|x|) = |x|e−µ|x| (≤ µ−1) and also for the rst
term oming from the produt |x|F (m|x|;µ), namely h1(|x|) = |x|K1(m|x|) (≤ 1). The next
two terms to onsider are
h2(|x|) = |x|e−µ|x|
∫ m|x|
0
cosh
(µy
m
)
K0(y)dy
and
h3(|x|) = |x| sinh (µ|x|)
∫ ∞
m|x|
e−µy/mK0(y)dy.
h2 an be seen to be bounded as follows
h2(|x|) ≤ µ−1
∫ ∞
0
cosh
(µy
m
)
K0(y)dy =
1
2µ
∫ ∞
0
cosh
(µy
m
)∫ ∞
0
exp
[
−1
u
− uy
2
4
]
du
u
dy
=
1
4µ
∫ ∞
0
∫ ∞
−∞
exp
[
−uy
2
4
+
µy
m
]
dy e−1/u
du
u
=
π1/2
2µ
∫ ∞
0
exp
[
−1
u
(
1− µ
2
m2
)]
du
u3/2
=
π
2µ
(
1− µ
2
m2
)−1/2
.
Let us turn now to h3, one has
h3(|x|) ≤ |x|eµ|x|
∫ ∞
m|x|
K0(y)e
−µy/mdy ≤ |x|
∫ ∞
m|x|
K0(y)dy
≤ m|x0|2K0(m|x0|)
where m|x0| satises the transendental equation
∫∞
z
K0(y)dy = zK0(z) with solution z =
0.7451315. From this follows also that m|x0|K0(m|x0|) < π/2 and hene
h3(|x|) < π|x0|/2 ≤ cπ/2m, c ∈ [0.7451315,∞).
Colleting all the previous results we have the following estimate
|(
√
−∆+m2 − E)−1(|x|)| ≤ m
4π|x|2
[(
1− µ
2
m2
)1/2
1
µ
+
2
π
[
1 +
(
1− µ
2
m2
)[
π
2µ
(
1− µ
2
m2
)−1/2
+
cπ
2m
]]]
≤ m
4π|x|2
[
1 +
2
µ
+
c
m
]
. (C.1)
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